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JOE: A Mobile, Inverted Pendulum

Felix Grasser, Aldo D’Arrigo, Silvio ColombiMember, IEEEand Alfred C. RuferSenior Member, IEEE

Abstract—The Industrial Electronics Laboratory at the Swiss
Federal Institute of Technology, Lausanne, Switzerland, has built
a prototype of a revolutionary two-wheeled vehicle. Due to its
configuration with two coaxial wheels, each of which is coupled
to a dc motor, the vehicle is able to do stationary U-turns. A
control system, made up of two decoupled state-space controllers,
pilots the motors so as to keep the system in equilibrium. See
http://leiwww.epfl.ch/joe for a video demonstration of JOE.

Index Terms—Digital signal processor, gyroscope, modeling,
robotics, state-space control.

I. INTRODUCTION

ICTURE the scene in a café somewhere in Lausanne,
Switzerland. The members of the team of the “Industrial

Electronics Laboratory” are having a drink or two when sud-
denly someone comes up with an idea: “Wouldn't it be fun to
build a vehicle that balances its driver on two coaxial wheels?
Some sort of an electronically controlled monocycle.” It was
based on that idea that we set out to create a truly mobile,
autonomous inverted pendulum.

Even though the theoretical approach is not simple, simula-
tion results have rapidly proven the feasibility of such a concept.

In order to reduce cost as well as danger for the test pilots,
it was decided on building a scaled-down prototype carrying a
weight instead of a driver.

The vehicle is composed of a chassis carrying a dc motor CQdy. 1. Definition of state-space variables and disturbances.
pledto a planetary gearbox for each wheel, the digital signal pro-
cessor (DSP) board used to implement the controller, the power ) . .
amplifiers for the motors, the necessary sensors to measure thigisturbances include forces applied to the center of gravity
vehicle’s states, the receiver for the radio control unit, as wéfr©G) of the vehiclefup, to the center of the left wheefurv,
as a vertical steel bar. The batteries are bolted onto the steel ifafh€ center of the right wheefurr, as well as a disturbance
their mass “simulating” a driver. The wheels of the vehicle a@'9/€©q. ©q describes a disturbance due to a change in loca-
directly coupled to the output shaft of the gearboxes. tion of the CQ. On a full-§|zed vehicle (with thg driver §|tt|ng

Fig. 1 shows the vehicle with its three degrees of freedoffi-P0ard), this would typically be due to the driver moving on
(3-DOF). It is able to rotate around theaxis (pitch), a move- Nis seat. ,
ment described by the angie» and the corresponding angular  1he Vehicle is controlled by applying a torqdg andCr to
velocitywp. The linear movement of the chassis is characteriz& corresponding wheels.
by the positionz »; and the speedx,,. Additionally, the ve- In order to successfully .c_ontroll the system, the state-space
hicle can rotate around its vertical axis (yaw) with the associatégriables have to be quantified, either through direct measure-

angles and angular velocity. These six state-space variable§1€nt or an appropriate observela, vra, 6, andé can be
fully describe the dynamics of the 3-DOF system. easily determined with the incremental encoders mounted on

the two dc motors (provide®pr andwp are known). The an-
gular velocitywp is measured by a rate gyroscope. Numerical
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Fig. 2.
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Free body diagram of the vehicle.

The driver pilots the system with a radio control unit, trans- According to the definitions in Fig. 2, the following equations
mitting the desired straight-line speeg; ;- and the desired of motion can be defined (we will only give the equations for

turning rate 5 to the on-board control system. the left-hand wheel since the ones for the right-hand wheel are
completely analogous):
Il. MODELING
To develop an efficient control system for the vehicle, its dy- URL Mpr =farr, = Hi + Hri (1)
namics have to be described by a mathematical model. This ?{MMRL =Vrr, — Mrrg— Vi, @
model [9] is based on the parameters characterizing the vehicle. OrrJrr =Cr — Hrp R. 3)
Its behavior can be influenced by disturbances as well as by the
motor torques. For the chassis,
The following variables have been chosen to describe the ve-
hicle (see also Fig. 2): EpMp =fap + Hr + Hy, (4)
* JrL, JrRrR—moment of inertia of the rotating masses with ipMp =Vp + Vi, — Mpg + Fce 5)
respect to the: axis (including the wheel, the rotational OpJpe =(Vr + VL)LsinOp
part of the gearbox, as well as the rotor of the dc motor); —(Hp, + Hr)Lcos®p — (C, +Cr)  (6)
* Mgy, Mrr—mass of the rotating masses connected to B D
the left and right wheels; 8Jps =(Hr, — Hr) 7 (7)

Th

Jpe—moment of inertia of the chassis with respect to the
z axis (Including the chassis, the nonrotating part of thehereH;,, Hgr, Hrr,, Hrr, Vi, Vr, Vo, andVrg represent

gearbox, as well as the stator of the dc motor); reaction forces between the different free bodies.
Jpé—moment of inertia of the chassis with respect to the It has to be noted that the moment of inertias in (7)

y axis; depends on the angular positi@y of the chassis. However,
Mp—mass of the chassis; since we shall linearize the equations for small deviations of
R—radius of the wheels; Op aroundOp = 0 at a later stage, we will assurigs to be
D—Ilateral distance between the contact patches of thenstant at]p(5| Op=0"

wheels; We shall also assume that the wheels of the vehicle always

L—distance between theaxis and the CG of the chassisstay in contact with the ground and that there will be no slip at
ese parameters have been identified from a three-diméme wheel's contact patches. Therefore, there will be no move-

sional computer-aided design model of the system and wenent in thez direction and no rotation about theaxis. Addi-

then

subjected to an experimental verification [4], [8]. tionally, cornering forces are considered negligible.
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Since the time constant of the electric motors (including cur- C e > D o C
! T ® it z >
rent control loop) is small compared to the system'’s time con- -5 ’\f
stants, the motors dynamics have been neglected in the model. > Pa N
Modifying (1)—(7) and then linearizing the result around the :}f
operating point{gy = 0; ©p = 0 andé = 0) the system’s Cs D, o> C
state-space equations can be written in matrix form as

TRM 01 0 000 TRM Fig. 3. Decoupling between the two subsystems.
@R]w 0 0 A23 0 0 0 UVRM
Op 00 0 1 00 Op Cq C.
. = o = > X
wp 0 0 A 0 00 wr Co | | vehicle —- Vix
(? 0 0 0 0 0 1 6 decoupling >0,
8 00 0 00O § o —t s > @
0O 0 0 0 017 FRET L M >0
Cr dRR —| )
Byy By Bz By B C + 0
R + B —d
" 0 0 0 0 0 f ) o " Tt
= O
By By Bys By By deL Ko -3
0O 0 0 0 0 }”‘R .
Bei Bsa Bes Bex Besl 77 Qo —
whereAss, Aas, Boy, Bas, Boa, Bos, Ba1, Bao, Bus, Baa, Bys, )
Be1, Bg2, Bgs, Bgss, and Bgs are defined as a function of the

vehicle’'s parameters.

With this state-space model, an appropriate control strate
can be developed to keep the vehicle in equilibrium and impao
the desired speed and turning rate. joystick

ll. CONTROL SYSTEM DEVELOPMENT Fig. 4. Control system of the vehicle.

In this section, we shall look at the development of the control It can be seen from (10) that an input torg@g, for example
system, the desired performance, and how it has been acme\ﬁffmfluence the system’s dynamics around its vertical and lat-

thuatinFrl] (8) shows that the(rje are five quputsbto ourfsystelg\,al axis. In order to avoid this coupling [3], (10) has to be ex-
Three of thosefurr, farr, and fyp, are disturbance OrCes  essed as follows:

and, therefore, cannot be used to control the system. However,

the torques”;, andC'r applied to the left- and right-hand-side 0 0
motors can be governed by the control system. B, 0
In order to impose the desired dynamics on the system, we [i]=[A][z] + 0 0 {C@} (11)
would like to control the rotation around theaxis indepen- = = B, 0 Cs |’
dently of the rotation around thg axis. This translates into 0 0
having a controller producing an output signal corresponding to 0 B

a torqueC; around the vertical axis and another with an outp
torqueCg around the lateral axis. .
ields

To apply these torques on the system, we need a decoupP(ng

l‘f:tubstituting (9) into (10) and then equating the result to (11)

unit that transform&’s andCg into the wheel torque€’y, and 0 0 0 0
Cpg. From Fig. 3, we gather By By B, O
0 0 D11 Do 0 0

= 12

{gﬂ = [gﬂ glﬂ {g@} ) (9) By By [DQI DQJ B, 0 (12)
R 21 22 3 0 0 0 0
For the equations to be more legible, we subsequently omit Bg —Ds 0 B

the disturbance forces when writing the state-space model

[g] can now be determined using (12). One of its elements can
our system. Thus, we have

be chosen freely. Choosing;; = 0.5 translates into

0 0
0.5 0.5
Eé? Eé“’ o [D]= {o.g —0{.)5} : (13)
2] =[A]lz]+ L} 10
[2]=[A]lz] By By |:CR ( Solving for B,, B, andB, gives
0 0
Bg —DBg B, =B
WhereBQ = By = By, By = B4y = Byo, andB(; = Bg1 = By =By

— Bgs. B. =B. (14)
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Fig. 5. Sensor signal processing.
The state-space equations for the vehicle can now be writter N \
two different systems: 1) a system “pendulum” describing tt _ ., 3
rotation about the: axis and 2) a system “rotation” modeling
the rotation about thg axis. For the “pendulum” we have g% 1
2 oF 1
TRM 01 0 07 [zrm 0 T
‘i.RM — 0 0 Ax3 O ZRM + By [C ] _Zfo’z 107 10° 10' 10° 10°
©p 00 0 1||6p o|"®
6p 0 0 Ag 0l Lop B, P
(15) ol ‘
and for the “rotation” -
g —40
6 0 1][6 0 £ ool
| = . . 1 =
-100 2 I,\ ‘o I\ ‘2 3
We are now able to design an independent controller for ez ™ 10 1 equency [ragis] 10 ©
of these subsystems with the possibility of assigning different
dynamics to each of them. Fig. 6. Frequency response of the motor (solid line) and the motor with

The design of the state-space controllers [3] is straightfagearbox and wheel attached (dotted line).
ward and will not be presented here. We shall, however, come
back to the pole placementissue in Section V when commentip\g Controller Hardware
on the achieved closed-loop dynamics.

The user will be able to pilot the system by imposing the The controller has been implemented on a DSP board devel-
straight-line speed ;¢ of the vehicle as well as its turning ypeq at the Industrial Electronics Laboratory, Swiss Federal In-
rateéc around the vertical axis (Fig. 4). stitute of Technology, Lausanne, Switzerland, and distributed by
CHS-Engineering (www.chs-eng.ch). Itis composed of a Sharc
floating-point DSP, a XILINX field-programmable gate array
(FPGA), four 10-bit D/A converters, as well as 14 12-bit A/D

In this section, we look at the implementation of the two coreonverters [7]. Dedicated software enables the user to program
trollers. We present the chosen sensors as well as the probléhnesboard and get readouts of all the variables while the system
experienced during the setup of the system. is running.

IV. CONTROL SYSTEM IMPLEMENTATION
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In case the battery is getting low,
the four LEDs will stay turned on.
If the battery voltage drops further
(below 27V), the vehicle will stop

and the LEDs will start flashing.
The battery needs recharging.
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It is possible to get to the « POWER OFF » state from all states by simply turning off
the power supply of the vehicle.

Fig. 7. Flowchart of the control system’s states.

B. State Measurements hicle’s position, i.e., the vehicle will slowly move forward (or

A gyroscope as well as two incremental encoders mounted ackward) in order to catch the imaginary *fall.

each dc motor measure the states of the vehicle. The processmgB
of their output signals is shown in Fig. 5. acklash

The incremental encoders are connected to the FPGA circuifThe use of a planetary gearbox introduces backlash between
where their signals are decoded [5] to yield information abotthie wheels and the motors. Unfortunately, this nonlinearity di-
the angle and angular velocity between the motor’s rotor (i.eectly affects our measurements [6] since the incremental en-
the wheels) and stator (i.e., the chassis). With the angle and eoders are mounted on the motors and not on the wheels.
gular velocity of the chassis with respect to its lateral axis known When the direction of rotation is reversed, the motors will,
(information obtained from the gyroscope), angular position atiderefore, briefly run with no load. Due to the much lower mo-
speed of the wheels can be transformed into straight-line speeent of inertia of the motor without gearbox, wheel, and load,
and position of the chassis as well as its angular position athet measured speeds will be high even though the wheel has not
speed about the vertical axis. yet moved. The controller will try to counteract those high ve-

As mentioned before, the pitch rate is determined by a solildcities by applying a torque in the other direction.
state gyroscope mounted on the vehicle and connected to aApart from emitting an unpleasant noise, the resulting limit
A/D converter. The corresponding pitch angle is then obtainegicles will damage the gearbox and trigger mechanical reso-
by numerical integration of the pitch rate. nances in the vehicle.

Such an integration of a measured pitch rate is sensitive tokKnowing that the dynamics of the motor alone and the motor
drift problems [1]. This phenomenon can be described bywéth gearbox and wheel attached are very different, it should
ramp-shaped disturbance angle applied to the system. It carbbegossible to design a low-pass filter eliminating any high-fre-
shown that the control system is able to reject such a distgdency speed measurements that can only occur in the “back-
bance. It will, in fact, be rejected by compensation with the véash zone.”
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Fig. 8. Pole placement of the “pendulum” system and associated response to an impulse disturbance force (energy trahshiljtegplied to the pendulum.

A simple first-order model has proven sufficient to showff since we are no longer able to measure and feed back the
the differences between the motor dynamics with and withowthicle’s dynamics.
gearbox and wheel. The battery voltage is permanently monitored by the control

According to the results shown in Fig. 6, we designed a firstystem. A couple of minutes prior to their being completely dis-
order filter with a cutoff frequency of 10 rad/s preventing theharged, the four LEDs on the vehicle will stay turned on to
speed measurements being affected by the gearbox play. Baignal a low state of charge. As soon as the batteries reach their
lash, of course, still affects the system’s dynamics, but its worsinimal voltage, the LEDs will start flashing and the control
effects have been eliminated by filtering the speed measusgstem will no longer accept the pilot’s inputs.
ments.

V. DRIVING THE RESULTS

D. Control Interface JOE measures 65 cm in height and weighs about 12 kg; it can

The control interface has been designed to be simple to ussach a maximum speed of 1.5 m/s. Itis capable of climbing in-
It consists of a power-on switch mounted on the vehicle as welines up to 30 (depending on the actual coefficient of friction).
as a radio control unit with an emergency switch and two pr®n its 32-V 1.8-Ah battery, it has an autonomy of roughly one
portional levers. hour’s driving time.

When turned on, the control system will calibrate the sensorsSystem performance (i.e., reaction to disturbance forces,
(Fig. 7). Once the “ready” light has come on, the user can simghacking of driver input, etc.) is driven by the pole placement.
lift the vehicle up. The control system will automatically switcHhn order to maximize JOE’s performance, controllers with
to the “run” mode as soon as the vehicle is in an upright posliferent pole placements have been tested.
tion. The vehicle can then be piloted by imposing a straight-line For a chosen pole placement, the controller’s gains were cal-
speed as well as a yaw rate on the proportional levers of the radidated and implemented on the DSP board. JOE was then tested
control unit. with that controller configuration and the response recorded by

In case the pitch rate is higher than about8@gyroscope the control system. Some of these responses are shown in Figs. 8
limitation), the control system will automatically be switcheénd 9.
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Fig. 9. Reaction to a ramp-shaped speed input.

The pole placement in Fig. 8(a) has been chosen as a starting
point. Such a configuration yields an unsatisfactory behavior
with badly damped oscillations. Increasing the damping ratio
further (Fig. 8(b)) improves matters significantly.

We found that the system can be made to behave even better|
by placing the poles as shown in Fig. 8(c). Two very fast poles _.:q=...£ Tl:_r
with a high damping factor are combined with two slower ones
with a medium damping factor.

Increasing performance with the pole placement chosen can
be achieved by moving the poles further to the left, thus making = =
the system faster. Backlash (limit cycles) as well the maximum
torque that can be transmitted to the ground (grip) prevent us
from moving the poles past a certain limit. The placement shown
in Fig. 8(c) represents the solution retained.

The authors think that an adaptive pole placement (depending
on the system'’s state) would enable further improvements.

Fig. 9 shows the system’s response to a velocity ramp input.

Note that the maximum acceleration possible is lower than the
maximum deceleration. Due to the motor’s speed—current char- |
acteristics, a high torque cannot be obtained when operating at
high speeds. However, this is exactly what is necessary to get
the vehicle back into an upright position at the end of the accel-
eration phase. Deceleration demands maximum torque at low
speeds—a steeper ramp is, therefore, possible.

Fig. 10. JOE.
VI. CONCLUSIONS

This paper has presented a mobile, inverted pendulsystem is based on two state-space controllers, interfaced via a
(Fig. 10). The control system used to guarantee stability of tdecoupling unit to the two dc motors driving the wheels.
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We have shown the performance of the system, its ability -
reject force and angular disturbances, as well as its capability
tracking a pilot’s driving inputs.

A control system varying the pole placement in real time di
pending on the states and inputs of the system has the poter
to further increase JOE’s performance. Such an adaptive c
troller could typically be based on fuzzy logic criteria.
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